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2D Affine Invariant Fiducial Points and Affine
Absolute Invariants for Shape Matching under
Affine and Weak Perspective Transformations
Fernand S. Cohen, and C. Pintavirooj*, Member
ABSTRACT
In this paper we derive novel fiducial points on
curves that are preserved under affine and weak perspective transformations, are local, intrinsic and computed from the differential geometry of the curve.
These are used in a non-iterative geometric-based
method for shape matching and 2D registration in the
presence of affine or nonlinear transformations that
can be approximated by piece wise affine transformations. To reduce the sensitivity of the computation of
the fiducial points to noise, we use a B-Spline curve
representation that smooths out the curve prior to the
computation of these invariant points. The matching
is achieved by establishing correspondences between
fiducial points after a sorting based on derived set absolute local affine invariants. The performance of the
matching based on these fiducial points is shown for
a variety of object matching problems, and is shown
to be robust and promising even in the presence of
noise.
Keywords: Fiducial points; Affine absolute invariants; Affine transform; Perspective transform
1. INTRODUCTION
Shape matching is a central problem in visual information system, computer vision, pattern recognition image registration, and robotics. Application of
shape matching includes image retrieval, industrial
inspection, stereo vision, and fingerprint matching.
The term shape is referred to the invariant geometrical properties of the relative distance among a set of
static spatial features of an object. These static spatial features are known as shape features of the object.
After extracting the shape features for a model and a
scene, a similarity may be used to compare the shape
features. The similarity measure is referred to as a
shape measure. The shape measure should be invariant under certain class of geometric transformation
of the object. In the simple scenario, shape measures
are invariant to translation rotation and scale. In this
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case, the shape measures are invariant under similarity transformation. When included the invariance of
shape measures to shear effect, the shape measures
are said to be invariant under affine transformation.
Finally in the complicated case, shape measures are
invariant under perspective transformation when included the effect caused by perspective projection.
There are many techniques available to shape
matching which can be classified mainly into two
main categories; a global method and a local method.
The global method works on an object as a whole;
while the local method on a partially visible object
or occlusion. Wavelet transform [1][2] is the wellknown global method that transforms the image from
color information in spatial domain to color variation
information in frequency domain. A set of wavelet
coefficients can be used as shape features for shape
matching. As wavelet-transform method is based on
global image transform, it is hence not robust against
occlusion. Moment-based approach is other global
methods that work on the whole area of an object.
Based on the moment, a number of functions, moment invariant, can be defined that are invariant under similarity transformation [3][4] and affine transformation [5]. Moment-based approach also suffers
from problem of noise and occlusion. Rather than
working on the area of the object, the boundary can
be used instead as a mean to present the pertinent information about an object is contained in the shape
of its boundary. Fourier descriptors [6][7][8] and Median Axis Transformation [9][10][11] are well-known
boundary representations that provide global similarity measures applied to shape matching.
Global method provides global features that are
relatively stable to external noise, however, they are
not robust to occlusion and, more importantly, global
features of two similar shapes differ slightly. On the
contrary, while local features are insensitive to occlusion, they are sensitive to noise and the amount of local information available is usually insufficient for robust matching. Most of the local features exploit geometric properties of contour that remain unchanged
under certain class of geometric transformation - the
so-called geometric invariant [12][13][14]. Curvature
is local geometric invariant that has been used extensively in shape matching for its ability to carry
information at varying resolution. Although curvature is invariant under similarity transformation, it
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is not preserved under affine transformation. To bypass this problem, many literatures concentrated on
using only curvature extremal point [15]-[20] that is
insensitive to affine transformation. The curvature
extremal points include the high-curvature points or
the corner points and zero-curvature point or inflection points. The high-curvature points are not affine
invariant; yet they are robust to affine transformation
and have been used extensively for shape matching.
The zero-curvature points have been proved that they
are affine invariant [21] and applied for numerous applications not only in shape matching but in various
contexts as well. The zero-curvature points have a
major drawback in that they are sensitive to noise.
To provide the similarity measures, the curvature extremal point usually must combine with other geometric invariant such as the area bounded by three
selective curvature extremal points [21][22]. The area
is a well-known relatively affine invariant. To obtain
an absolute invariant, a ratio of two areas is computed
and used as a good candidate for similarity measures.
Other typical geometric features include line intersections [23], and [24], centroids of closed-boundary
region [25], knot points [26], etc.
There are different approaches for curve modeling
such as Fourier descriptor [27][28], chain code [29],
polygon approximation [20], curvature primal sketch
[31], medial axis transformation [32], autoregressive
model [33][34], moment [35][36][37], parametric algebraic curve [38], curvature invariant [39], stochastic transformation [40], implicit polynomial function [41], bounded polynomial [42], B-Spline [43][44],
and reaction diffusion [45]. Among others, B-Spline
stands as of one the most efficient curve representation and processes very attractive properties such as
spatial uniqueness, boundedness and continuity, local
shape controllability and invariance to affine transformation.
In this paper we introduce a novel shape measure
which is not only preserved under affine transformation but also robust under weak perspective transformation. There are three main contributions to
this paper. Firstly, we introduce a novel set of local
intrinsic fiducial points which are derived from the
derivative of the object curve and their derivatives
and are preserved under affine and weak perspective.
Secondly, we construct absolute invariants for planar curves that are preserved under affine transformations and an invariant for perspective transformations. Our similarity measure is based on using a five
selective fiducial points to compute the well-known
five-point coplanar invariant. Five-point coplanar invariant is based on using ratio of ratio of volume. It
is hence an absolute perspective invariant and hence
very suitable to be used to match planar curves. Finally, to bypass the problem of noise for both the
data presentation as well as the computation of these
invariants, we model the external contour of the ob-
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ject with the approximating B-Spline curve representation that are themselves preserved under affine and
weak perspective transformations and are robust to
noise both local and global [21][50]. Hence the selection of the B-Spline curve allows for the reduction of
the sensitivity of the fiducial points to noise as well
as it provides an analytic solution to curvature computation.
This paper is organized as follows. Section 2 introduces the local geometric curve features used as
fiducial points or fiducial points on the curve. Section 3 shows how to construct absolute invariant from
set of geometric curve features. Section 4 describes
how to establish the correspondence between two sets
of feature points. B-Splines curves are given in section 5. Experimental results are shown in section 6.
Discussion and conclusion are presented in section 7.
2. INTRINSIC GEOMETRIC FEATURES
OF CURVE
Local and invariant intrinsic properties are provided by the Frenet frames [46], which states that for
a curve r(s) parameterized by arc length s, the tangent t(s) = r(1) (s), the curvature k(s) = r(2) (s), the
vector b(s) = t(s)xk(s), and the torsion τ (s) = − <
r(2) (s), b(1) (s) > determines as set of local coordinates on the curve at each point that completely characterizes the curve at that point, where r(k) (s)stands
the k th order derivative of r with respect to s, and
x is the cross product operation. As we are interested in finding the relative and absolute invariant
to the affine transformation, we observe that since
arc length is not preserved under the affine transformation, neither t(s) nor b(s) cannot be used as they
are not relative invariants. The parameter s can also
be replaced by any other one-to-one parameterization
with s. For instance, we can parameterize the curve
by the parameter t, which could be the time it took
a particle traveling onRthe curve to reach the position
t
r(t), in that case s = 0 ||r(1) (t)||dt , where ||r(1) (t)||
is the speed of the particle at time t.
2. 1 Relative Affine Invariant Intrinsic Curve
Points
Let r(t) = [x(t), y(t)], where t is a parameter, represent a shape (or curve) C in Cartesian coordinate
system. The curvature k(t) of the shape C is hence
define as

k(t) =

ẋ(t)ÿ(t) − ẍ(t)ẏ(t)
|r(1) (t) × r(2) (t)|
=
(1)
3
|r (t)|
(ẋ(t) + ẏ(t)2 )3/2

where ẋ(t) =

(1)

d2 x(t)
dy(t)
dx(t)
, ẍ(t) =
, ẏ(t) =
,
2
dt
dt
dt
and ÿ(t) =

d2 y(t)
dt2
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Let Ca = ra (τ ) = [u(τ ), v(τ )] , where τ is a parameter, be an affine-transformed version of the shape C.
Mathematically, the relation between two shapes C
0
and C under affine transformation can be expressed
as follow






u(τ )
a11
 v(τ )  =  a21
1
0

a12
a22
0



k(t) =

or the points at which



b1
x(t)
b2   y(t) 
1
1

(2)

where aij , i = 1 : 2, j = 1 : 2 are affine transformed parameter associated with rotation, scale and
shear and bi , i = 1 : 2 is affine transformed parameter associated with translation. The curvature of the
affine-transformed shape is

|r(1) (t) × r(2) (t)| = ẋ(t)ÿ(t) − ẍ(t)ẏ(t) = 0

(1)

(2)

|ra (t) × ra (t)|
(1)
|ra (t)|3

=

u̇(t)v̈(t) − ü(t)v̇(t)
(3)
(u̇(t) + v̇(t)2 )3/2

d2 u(t)
dv(t)
du(t)
, ü(t) =
, v̇(t) =
,
where u̇(t) =
2
dt
dt
dt

(1)

(2)

|ra (t) × ra (t)|
(1)
|ra (t)|3

=

u̇(t)v̈(t) − ü(t)v̇(t)
=0
(u̇(t) + v̇(t)2 )3/2

or the points at which
a11
a21

u̇(t)v̈(t)−ü(t)v̇(t) =

a12
a22

ẋ(t)ÿ(t)−ẍ(t)ẏ(t) = 0

ẋ(t)ÿ(t) − ẍ(t)ẏ(t) = 0
d2 v(t)
and v̈(t) =
dt2
The nominator term of equation (1) is equivalent
to one half of the area bounded by the vectors r(1) (t)
and r(2) (t) ; while that of equation (3) is equivalent
(1)
to one half of the area bounded by vector ra (t) and
(2)
ra (t) . The denominator of equation (1) is the length
of vector r(1) (t) ; while that of equation (3) is the
(1)
length of vector ra (t) . Under an affine transformation, it can be shown that the nominators of equation
(1) and (3) which are the area are related by determinant of transformation matrix and hence relative
invariant, i.e.
u̇(t) ü(t)
v̇(t) v̈(t)

=

a11
a21

a12
a22

ẋ(t) ẍ(t)
ẏ(t) ÿ(t)

2

(a11 ẋ(t) + a12 ẏ(t)) + (a21 ẋ(t) + a22 ẏ(t))

2

3/2

(5)
This expression indicated that the length of first
derivative vector is not a relative invariant under
the affine transformation. As a consequence, only
the nominator term of the definition of curvature is
the promising candidate for constructing affine invariants. In this paper we call the nominator term as the
affine curvature.
Inflection points are points on the curve at which
the curvature is zero, i.e., points at which

(7)

which is the same as (6). As a consequence, at
the inflection points, the curvature or affine curvature is zero and r(1) (t) and r(2) (t) are parallel. Since
the affine map preserve parallelism, we have shown
(2)
(1)
that ra (t) and ra (t) are also parallel. Therefore
the inflection points of the affine transformed curve
are the transformed inflection points of the original
curve and hence are relative affine invariant. Inflection points were suggested by us [21] as a candidate
for curve matching [21]. In this paper we augment
these invariants by considering cross product terms
of the curve and its various possible nonzero higher
order derivatives, which are all area invariants, and
hence relative affine invariants. So for instance if we
take derivative of (6), we have

(4)

where |a| denote determinant of a. By contrast,
we can show that denominator of equation (1) and
(3) is not affine invariant, i.e.
3/2
u̇(t)2 + v̇(t)2
=

(6)

As a results, r(1) (t) and r(2) (t) are parallel at the
inflection point.
Inflection points on the affine transformed curve
are the points at which
ka (t) =

ka (t) =

|r(1) (t) × r(2) (t)|
ẋ(t)ÿ(t) − ẍ(t)ẏ(t)
=
=0
(1)
3
|r (t)|
(ẋ(t) + ẏ(t)2 )3/2

.

...

..

..

..

..

..

.

x(t) y (t) + x(t) y (t) − x(t) y (t) − x(t) y (t)

.

...

...

.

= x(t) y (t) − x(t) y (t) = |r(1) (t) × r(3) (t)| = 0 (8)
which is the point at which r(1) (t) and r(3) (t) are
parallel and hence is also affine invariant. This point
is the point at which the affine curvature is a maximum. We call this point the maximum affine curvature point. Compared with zero affine curvature
points, the maximum affine curvature points are more
robust to noise. Moreover, threshold of affine curvature can be set such that only the maximum affine
curvature point of which its affine curvature exceeding the threshold is selected. As a result, maximum
affine curvature points caused by local disturbance
are excluded.
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Table 1: Set of Relative Affine Invariants on Curves

Fig.1: show the 5 affine invariant geometric features (f1 , f2 , f4 , f5 and f6 ) residing on the original curve (a,
c, e, g and i respectively) and the corresponding affine-transformed curve (b, d, f, h and j respectively)
2. 2 Augmented Set of Relative Affine Invariant Local Intrinsic Curve Points
The same concept can be applied to set of nonzero
derivatives of the curve. Table 1 shows a set of geometric fiducial. When the maximum order of the
derivatives of a curve used in the computation of the
relative affine invariants is limited to two, in this case,

we have 6 features; three of which associated with
points of minimum relative affine invariant and the
other three features associated with points of maximum relative affine. In the case of feature f4 (t) , we
can proof that it is affine invariant as follows. The
features on the original curve are the points where
(1)

k2 (t) = 0
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3. 1 Perspective Invariant

or
...

..

..

.

...

Any five nonlinear points in the plane, namely
P1 , , P5 can also form perspective invariant [47],[48]
0
0
with their image, P1 , ..., P5 ,

x(t) y (t) + ẋ(t) y (t) − x(t) y (t) − x(t)y(t) = 0
|r(t) × r(3) (t)| + |r(1) (t) × r(2) (t)| = 0

(9)

These fiducial points on the affine transformed
curve are the points at which
...

.

..

..

.

...

u(t) v (t) + u(t) v(t) − u(t) v(t) − u(t)v(t) =
...
...
a11 a12
x(t) y (t) − x(t)y(t)+
a21 a22
a11
a21

a12
a22

.

..

0

0

0

m421 m531

=

|m431 | |m521 |
|m421 | |m531 |

(11)

where
mi,j,k = (Pi , Pj , Pk ) with Pi = (xi , yi , 1)t ,
0
0
0
0
0
0
0
mi,j,k = (Pi , Pj , Pk ) with Pi = (xi , yi , 1)t and
|m| is the determinant of m. Consider any one of
the matrices in (11)

..

[x(t) y (t) − x(t)y(t)] = 0

x5
y5
1

a11 a12
|r(t) × r(3) (t)|
a21 a22
a11 a12
|r(1) (t) × r(2) (t)| = 0
+
a21 a22
|r(t) × r(3) (t)| + |r(1) (t) × r(2 (t)| = 0

0

m431 m521

x1
y1
1

x1 − x5
y1 − y5
0

x5
y5
1

x2
y2
1
x2 − x5
y2 − y5
0

(a)

(b)

(10)

which is the same as (9). Hence points where
(1)
k2 (t) = 0 are preserved under an affine transformation. Note that the fiducial points derived from
f1 (t), f2 (t), f3 (t), f4 (t) (i.e., the ones that contain r(t)
in their computation) are only linear invariant and
not affine in the case of occlusion between the object
and its transformation. This is due to the fact the
translation parameter b in the case would not correspond to the difference between the centroids of the
curve before and after its transformation because of
the occlusion. This is however, not the case for fiducial points that are derived from the curve derivatives.
3. CONSTRUCTING ABSOLUTE INVARIANT FROM FIDUCIAL POINTS ON
CURVES

(12)
Equivalently, using elementary rules concerning
matrices and determinant, matrix in (12.a) can be
rewritten as in (12.b) which represents six times the
volume of a tetrahedron shown in Figure 2 b) The
formula of this volume is
1
|1| |d5,1 | |d5,2 | sina12
(13)
6
where d5,j , j = 1, 2, is the distance form the point
(x5 , y5 ) to the point (xj , yj ), |1| is unit length in z
direction. By replacing the determinant in equation
(11) with the corresponding form of equation (13),
all vector magnitudes cancel, leaving only the ratio
of sine of the angles, i.e.,
0

Geometric invariants are shape descriptors that
remain unchanged under geometric transformations
such as perspective and affine transformation. In this
section we derive an affine absolute invariant from the
fiducial points derived on curves, and show how to use
these invariants to put into correspondences fiducial
points before and after the transformation without
ever needing to know what the values of the transformation parameters are. Once correspondences are
established, the transformation parameters can then
be computed using LS fitting and the objects can be
aligned. These invariants can also be used as invariant object shape descriptors. We also test the fivepoint coplanar perspective invariant computed on the
intrinsic fiducial points as a close approximation to a
perspective absolute invariant, an approximation here
since the fiducial points are not fully preserved under
a strong perspective transformation.

0

sin a12 sin a34
sin a12 sin a34
=
0
0
sin a14 sin a23
sin a14 sin a23

(14)

where angle aij defined in terms of rays extended from a select point P to the remaining points
0
P1 , ..., P4 in the object plane whereas aij from the se0
0
lected point P 0 to the remaining point P1 , ..., P4 in
the image plane.
Since the invariant relationship in equation (14)
holds under a perspective transformation, a perspective invariant can be constructed by considering 5
consecutive fiducial points which is also preserved under an affine and robust under perspective transformation. For
na curve with n geometric fiducial points,
there are 5 set of absolute five-point invariants. We
denoted a set of absolute five-point invariant on the
original curve and affine-transformed curve as I(k)
and Ia (k) for k = 1, 2, .., n respectively.
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Fig.3: a) Original sample including its maximum
affine-curvature points (’*’); b) Affine transformed
curved including its maximum affine -curvature
points (’*’). The average area invariant error is
0.0025 and the average five-point invariant error is
0.0039; c) Perspective transformed curve including its
maximum affine -curvature points (’*’). The average
area invariant error is 0.1955 and the average fivepoint invariant error is 0.0075.

4. ESTABLISHING CORRESPONDENCE AND
ALIGNMENT

Fig.2: a) Five coplanar points and the assigned angle. b) Determinant of matrix m512 is the volume of
the tetrahedral bounded by (x5 , y5 , 1), (x1 , y1 , 0) and
(x2 , y2 , 0).
3. 2 Affine Invariant
Unlike in the perspective transformation, the area
is preserved under an affine transformation. A sequence of relative invariants is constructed by considering the sequences of area patch which is area of
the parallelogram spanned by a set of three consecutive feature points. Denote the area patch sequence
of the affine-transformed curve as [Aa (1), .., Aa (n)].
Area patch of the transformed curve is related to that
of the original curve by the following relative invariant

Aa (k) =

a11
a21

a12
a22

A(k), k = 1, 2, ..., n

(15)

where |A| is the determinant of transformation matrix. By taking the ratio of the consecutive elements
of the sequence, absolute invariant is derived. Let
Ia (k) =

±Aa (k)
|Aa (k + 1)mod n|

(16)

I(k) =

±A(k)
|A(k + 1)mod n|

(17)

and

for k = 1, 2, .., n. The absolute invariant of the
original curve equals to that of the transformed curve,
i.e. Ia (k) = I(k).

Our shape matching is based on contour registration. The registration process is carried out in the
presence of an affine transformation and a possible
perspective transformation. We first compute the
curve intrinsic feature points. The relative invariant and absolute invariants explained in section 3 is
computed. The correspondence between the feature
points on the original and the transformed curve is established. From this correspondence, the transformation parameters are computed and the transformed
curve is aligned against an original.
In the absence of noise, occlusion, each of Ia (k)
will have a counter part I(k) with Ia (k) = I(k), with
that counterpart easily determined through a circular
shift involving n comparison where n is the number
of invariant. In the presence of noise and some nonlinear transformation, we allow smaller error percentage between counterpart invariant. Having a smaller
threshold will force this run length matching technique to allow for only small difference between the
volume patch before declares them as matching. This
may reduce the length of the matched sequence element, Thus the lower the error percentage, the more
strict the matching. Experimentally, an error percentage of 5% was applied. We adopted a run length
method to decide on the correspondence between the
two ordered set of zero-torsion points. For every
starting point on the transformed, this run length
method computes a sequence of consecutive invariant
that satisfies |I(k) − Ia (k)| < 0.05|I(k)| and declare a
match based on the longest string. Once this correspondence is found, these matched fiducial points are
used to estimate the polynomial transformation.
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Fig.4: a) Feature f5 on contours of image at time t = 0 b) Feature f5 on contours of image at time t = 1 c)
Feature f6 on contours of image at time t = 0 d) Feature f6 on contours of image at time t = 1 e) Contours
of image at time t = 0 (light gray) plotted with contours at time t = 1 (dark gray) before the alignment f )
Contours of image at time t = 0 (light gray) plotted with contours at time t = 1 (dark gray) after the alignment
%)
5. B-SPLINE MODELING
5. 1 B-Spline Curve
The pth degree non-rational B-Spline curve is defined as follows [43][44]
r(t) =

n
X

is the pth -degree B-Spline basis functions defined
by equation (18) defined on the non-periodic (and
nonuniform) knot vector
U = {a, ..., a, up+1 , ..., um−p−1, b, ..., b}
| {z }
| {z }
p+1

Ni,p (t)Pi ; a ≤ t ≤ b

(18)

i=0

where the {Pi } are the control points and Ni,p (t)

p+1

Unless stated otherwise, a = 0 and b = 1. The
number of knots is related to the number of control
points and the degree by the formula m = n + p +
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Fig.5: g) Liver contours at time t = 0 (light gray) plotted with the contours at time t = 1 (dark gray) before
the alignment (Percent Error: 5.47%) h) Liver tumor contours at time t = 0 (light gray) plotted with the
contours at time t = 1 (dark gray) before the alignment (Percent Error: 15.38 i) Liver contours at time t = 0
(light gray) plotted with the contours at time t = 1 (dark gray) after the alignment using affine map (Percent
Error: 2.25%) j) Liver tumor contours at time t = 0 (light gray) plotted with the contours at time t = 1 (dark
gray) after the alignment using affine map (Percent Error: 7.69%) k) Liver contours at time t = 0 (light
gray) plotted with the contours at time t = 1 (dark gray) after the alignment using polynomial map (Percent:
2.13%) l) Liver tumor contours at time t = 0 (light gray) plotted with the contours at time t = 1 (dark gray)
after the alignment using polynomial map (Percent Error: 6.15%)
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1. The polygon formed by {Pi } is called the control
polygon. In light of the derived fiducial points in
Table 1, p is at least 3, i.e., we have a cubic B-spline.
5. 2 Why B-Splines
The B-Spline curve has superior properties that
make them suitable for shape representation and
analysis. Some of the important properties are:
(i) A B-Spline possesses a high degree of continuity
important for computing the curve intrinsic properties, e.g., curvature.
(ii) Affine invariance: a B-Spline subjected to an
affine transformation is still a B-Spline whose control points are obtained by subjecting the original
B-Spline control points to that affine transformation.
(iii) Local shape controllability: Due to the local support of the basis B-Spline function, any local
deformation is locally confined. This is very important when trying to register objects in the presence
of missing parts.
(iv) Boundedness: B-Spline is bounded by the control point polygon.
6. EXPERIMENT
In this section, we apply our algorithm described
previously in section 4 for intra-subject registration.
We are given MRI image of liver at 24 time instances.
We want to align the liver contours at different time
instance, with t=0 serving as the reference. The liver
contours are extracted manually by an expert. The
expert also provides us the internal fiducial points of
the liver. These fiducial points will be used in the
verification process of the alignment, i.e., not only
the external contours are aligned the internal fiducial
should align as well. Figure 5.g and 5.h shows the
liver contours and liver-tumor contour respectively
before the alignment between time t=0 and t=1. The
liver contours after the alignment using affine map are
depicted in figure 5.i The liver-tumor contours after
the alignment using affine map are depicted in figure
5.j The results associated with the alignment using
polynomial map are shown in figure 5.k and 5.l

and hence are well suited to deal with the partial
alignment problem (occlusion). This is sharp contrast to other geometric invariant methods like moments and Fourier descriptors that are global in nature. In addition, the fiducial points are preserved
under affine transformations (unlike other geometric
features, e.g., crest lines and crest points which are
only preserved under rigid transformations). To establish correspondences between the fiducial points
on the two shapes, a set of absolute invariants were
derived based on the areas confined between parallelograms spanned by sets of the fiducial point triplets
and/or the five-point coplanar invariants. Once the
correspondences were established, the parameters of
a relevant transformation were estimated and the two
curves were aligned. The performance of our method
has been demonstrated by the ability to register for
intra subject.
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